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Abstract

Metal oxide nanomaterials are among the most important functional materials for
modern energy-storage and energy-conversion technologies. Their usefulness
originates from the wide range of crystal structures, oxidation states, surface
chemistries, electronic configurations, optical responses, catalytic activities and
defect-dependent properties that can be achieved by changing composition and
nanoscale architecture. Density Functional Theory (DFT) provides an atomistic
framework for understanding these properties before or alongside experimental
synthesis. A carefully designed DFT study can determine optimized structural
parameters, formation and binding energies, electronic band structures, band gaps,
density of states, projected density of states, charge transfer, chemical bonding,
work functions, optical and dielectric functions, magnetic moments, mechanical
properties, phonon stability, surface energies, adsorption energies, ion-diffusion
barriers and reaction energetics. These descriptors are directly connected to battery
electrodes, supercapacitors, photocatalysts, electrocatalysts, fuel cells, hydrogen
production, carbon-dioxide conversion and solar-energy devices. This article
presents an extended computational framework for metal oxide nanomaterials,
emphasizing how each calculated property should be interpreted and how graphical
outputs can be used to build a scientifically meaningful results section. Particular
attention is given to oxygen vacancies, substitutional doping, strain and
heterostructures because these approaches can modify charge transport, band
alignment, surface reactivity and ion mobility. The graphs included in this
document are explicitly illustrative schematics rather than fabricated first-
principles results. For a publication or thesis, they should be replaced by plots
generated from the actual DFT output of a specified material and computational
setup.
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1. Introduction

The transition toward sustainable energy requires materials that can efficiently store, transport and
convert energy while remaining chemically and mechanically stable. Rechargeable batteries,
supercapacitors, fuel cells, solar cells, photocatalytic water splitting and carbon-dioxide conversion all
depend on materials with carefully balanced combinations of electronic, ionic, optical, catalytic and
structural properties. Metal oxides occupy an important position in this field because oxygen can form
stable compounds with many metallic elements and because the resulting materials can display metallic,
semiconducting, insulating, magnetic, dielectric, photoactive and redox-active behavior. Examples
include TiOz, ZnO, F6203, FG304, Ce()z, Mn02, NiO, C0304, VzOs, MoOs and WO:s.

Nanostructuring further expands the design space. When an oxide is reduced to nanoparticles,
nanowires, nanosheets, porous particles or other nanoscale morphologies, the fraction of atoms located
at surfaces and interfaces increases. Surface atoms have lower coordination than bulk atoms and can
therefore possess different bond lengths, charge distributions and chemical reactivity. Nanoscale
materials may also provide shorter pathways for ion transport and larger electrochemically active areas.
However, nanosizing can introduce additional defects, strain, reconstruction and interface effects, so it is
not sufficient to discuss only the bulk crystal structure.

DFT is valuable because it links these macroscopic observations to atomic-scale mechanisms. The
Hohenberg-Kohn framework establishes that the ground-state properties of an interacting electron
system can be expressed through its electron density, while the Kohn-Sham approach makes practical
calculations possible. Modern plane-wave and pseudopotential methods allow researchers to optimize
structures and evaluate electronic properties with relatively high computational efficiency. Nevertheless,
DFT is not a single calculation or a single level of accuracy. Results depend on the exchange-correlation
functional, treatment of localized electrons, spin state, supercell size, k-point sampling, energy cutoff
and other numerical choices.

For energy applications, an integrated property set is essential. A material may have a favorable band
gap but poor stability, or high theoretical capacity but slow ion diffusion. A surface may strongly adsorb
a reactant but bind it so strongly that product removal becomes difficult. A defect may improve
conductivity but simultaneously create a recombination center. Consequently, the goal of computational
materials design should be to identify a balanced set of properties rather than maximize one descriptor in
isolation.

2. Computational Methods

2.1 DFT Framework and Numerical Setup

A typical calculation begins by constructing the experimental or theoretically proposed crystal structure
and selecting a suitable computational cell. Geometry optimization is performed until the forces and

total-energy changes satisfy convergence criteria. For slab or surface calculations, sufficient vacuum is
introduced perpendicular to the surface to minimize artificial interactions between periodic images.
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Plane-wave cutoffs and k-point meshes should be tested for convergence instead of being selected only
from default settings.

The PBE generalized-gradient approximation is frequently used for structural optimization and initial
screening. For transition-metal oxides, localized d or f electrons may require a Hubbard U correction.
Hybrid functionals such as HSEO6 can improve semiconductor band gaps, while GW methods can
provide more advanced quasiparticle descriptions. Spin-orbit coupling should be considered for
elements where relativistic effects are important. The selected method must be reported clearly because
calculated band gaps, magnetic states and defect energies can change substantially with the theoretical
level.

2.2 Geometry Optimization and Structural Analysis

After relaxation, lattice constants, unit-cell volume, metal-oxygen bond lengths, bond angles,
coordination numbers and structural distortions are extracted. For nanomaterials, surface reconstruction
and edge structures should also be inspected. The total-energy curve during relaxation provides a direct
check that the optimization approaches a local energy minimum.

Schematic DFT Geometry Optimization / Energy Minimum
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Figure 1. Schematic geometry-optimization curve. The minimum indicates the relaxed configuration.
This is an illustrative graph, not a calculated dataset.

2.3 Stability, Formation Energy and Defect Energetics

Thermodynamic stability can be evaluated through formation energies, cohesive energies and relative
energies of competing structures. Defect formation energies are especially important for oxygen
vacancies, interstitials and substitutional dopants. Oxygen chemical potential must be treated
consistently because vacancy stability depends on whether the system is considered under oxygen-rich
or oxygen-poor conditions. For charged defects, electrostatic finite-size corrections and appropriate
chemical-potential references are required.
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Illustrative Stability Comparison
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Figure 2. lllustrative comparison of relative formation/binding energies for pristine, doped, vacancy-
containing and interface models. Values are schematic only.

2.4 Electronic Structure and Band Gap

Band structures are calculated along high-symmetry paths in reciprocal space. The valence-band
maximum and conduction-band minimum determine the fundamental band gap. The result can be direct
or indirect depending on their positions in k-space. For energy conversion, band-edge positions are often
as important as the numerical band gap because the oxidation and reduction reactions must be
energetically accessible.

Schematic Semiconductor Band Structure
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Figure 3. Schematic semiconductor band structure showing separated valence and conduction bands.
The energy scale is illustrative.
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2.5 DOS, PDOS and Chemical Bonding

Total DOS reveals the distribution of available electronic states, while PDOS identifies the contribution
of particular atoms and orbitals. In many transition-metal oxides, oxygen 2p states dominate a large part
of the valence band and metal d states contribute strongly near the conduction band or Fermi level.
Orbital hybridization can be identified from overlapping energy regions. Charge-density difference and
Bader analysis can then be used to quantify or visualize electron redistribution.

Schematic DOS and Projected DOS
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Figure 4. Schematic total DOS and projected contributions from metal d and oxygen 2p states.
2.6 Optical and Dielectric Properties

The complex dielectric function is written as &(w)=¢1(w)+ie2(w). The imaginary component is related to
allowed electronic transitions, while the real component describes dispersive response. From these
quantities, the absorption coefficient, refractive index, extinction coefficient, reflectivity and optical
conductivity can be obtained. These properties are relevant to photocatalysis, photovoltaics, transparent
electronics and photoelectrochemical devices.

Schematic Optical Absorption Spectrum

Absorption coefficient (normalized)
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Figure 5. Schematic optical absorption spectrum. The onset is related to electronic excitation; defect
states can create additional low-energy features.
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2.7 Charge Transfer and Work Function

Charge-density-difference maps show where electrons accumulate or deplete when two components
interact. This is particularly useful for doped oxides, adsorbate-surface systems and heterostructures.
Bader charge analysis provides a quantitative estimate of charge transfer. The work function, defined
from the difference between the vacuum level and Fermi level, is useful for predicting electron emission
and interfacial charge-transfer tendencies. In heterostructures, work-function mismatch can drive
spontaneous charge redistribution until the interface reaches electrostatic equilibrium.

06 Schematic Charge Transfer Across an Oxide Interface
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Figure 6. Schematic one-dimensional representation of charge redistribution across an oxide interface.
Positive and negative regions represent illustrative accumulation/depletion.

2.8 Surface Energy and Adsorption

Surface energy is an important descriptor because nanomaterials expose a high fraction of surface
atoms. Different crystallographic facets can possess different energies and reactivities. Adsorption
calculations then determine how ions, atoms or molecules interact with these surfaces. The adsorption
energy is commonly written as Eads = E(surface+adsorbate) — E(surface) — E(adsorbate). More negative
values generally indicate stronger binding under the chosen reference convention, but strong adsorption
is not automatically synonymous with better performance.

For catalytic reactions, adsorption energies of several intermediates should be considered together. For
electrochemical storage, adsorption of Li, Na, K, Mg, H or other species can be used to compare
candidate sites. Geometry changes after adsorption should always be inspected because an apparently
favorable energy can correspond to an unexpected structural transformation.
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2.9 lon Diffusion and NEB Calculations

The Nudged Elastic Band method is widely used to determine minimum-energy migration pathways.
Several intermediate images connect an initial and final state, and the highest-energy image
approximates the transition state along the calculated pathway. The migration barrier is a key descriptor
for ion mobility. Low barriers generally favor fast transport, although real device behavior also depends
on concentration, temperature, defects, interfaces and phase changes.

Schematic lon-Diffusion Energy Profile (NEB Concept)
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Figure 7. Schematic ion-diffusion energy profile. The peak represents the migration barrier along a
minimum-energy pathway.

2.10 Magnetic, Mechanical and Phonon Properties

Spin-polarized calculations are necessary for many transition-metal oxides. Competing ferromagnetic,
antiferromagnetic and ferrimagnetic arrangements can be compared through their total energies. Local
magnetic moments can be obtained from site-resolved spin densities.

Mechanical properties can be evaluated from elastic constants obtained by applying small strains.
Young's modulus, bulk modulus, shear modulus and Poisson's ratio can then be derived. For battery
electrodes, these properties help assess resistance to deformation during ion insertion and extraction.
Phonon calculations provide a test of dynamical stability; imaginary phonon frequencies may indicate
structural instabilities within the selected model.
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Illustrative Mechanical Stress-Strain Response
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Figure 8. Hlustrative stress-strain response used to explain mechanical-property analysis. The
numerical values are schematic.

3. Results and Discussion

3.1 Structural Properties

The optimized structure is the starting point for interpreting all subsequent properties. A successful
relaxation should produce physically reasonable coordination environments and a stable energy
minimum. Calculated lattice constants can be compared with experimental values when available, but
differences should be interpreted in the context of the selected functional and temperature. DFT
commonly describes an idealized zero-temperature ground state, whereas experiments may include
thermal expansion, defects, disorder and impurities.

In nanoscale oxides, the surface-to-volume ratio makes surface structure especially important. Under-
coordinated oxygen and metal atoms can produce localized states and chemically active sites. Surface
reconstruction may change the geometry enough to alter adsorption energies and catalytic pathways.
Therefore, surface models should be relaxed rather than assuming that the bulk termination remains
unchanged.

Structural stability is also central to electrochemical cycling. During ion insertion, local bond lengths
may expand or contract and oxidation states may change. A computationally useful study should
compare structures at several ion concentrations when the application involves reversible insertion. This
reveals whether the material follows a smooth structural evolution or undergoes a large phase
transformation.
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3.2 Electronic Structure and Band Gap

The band structure determines whether the oxide is metallic, semiconducting or insulating and provides
information about carrier pathways. A semiconductor with a suitable gap can absorb photons and
generate electron-hole pairs. For battery electrodes, electronic conductivity is also important because
charge must move through the active material during operation. However, conductivity cannot be
inferred solely from the numerical band gap; carrier effective masses, defect states, orbital overlap and
transport pathways also matter.

The origin of the band gap can be explored using PDOS. If oxygen p orbitals dominate the upper
valence band while metal d states dominate the lower conduction band, the gap can be interpreted in
terms of p-d electronic structure. In correlated transition-metal oxides, however, this simplified picture
may be insufficient because localized electrons and magnetic ordering can strongly affect the states near
the Fermi level.

Defects can create states inside the band gap. Oxygen vacancies may donate electronic charge or alter
nearby metal oxidation states. Dopants can create shallow donor or acceptor levels or deeper localized
states. The desired outcome depends on the application. For photocatalysis, controlled defect states may
improve visible-light absorption, but excessive trapping can accelerate electron-hole recombination. For
batteries, defect-induced conductivity may be beneficial, while excessive defect concentrations can
reduce structural stability.

3.3 Density of States, Bonding and Charge Redistribution

DOS and PDOS analysis provides a microscopic explanation for changes observed in the band structure.
Strong overlap between metal d and oxygen p states indicates hybridization and can be related to
covalent contributions to the metal-oxygen bond. The width and position of these states can change after
doping, strain or adsorption.

Charge-density difference provides complementary information. In a heterostructure, electron
accumulation on one side and depletion on the other can indicate interfacial charge transfer. Such
redistribution can create an internal electric field and influence the separation of photogenerated carriers.
For an adsorbed ion, charge transfer can indicate whether the interaction is primarily electrostatic,
covalent or mixed.

Work-function analysis is another useful descriptor. If two materials have different work functions
before contact, electrons may flow when an interface forms. The resulting Fermi-level equilibration can
change the band alignment and influence catalytic or photoelectrochemical behavior. Therefore, work
function, charge-density difference and band alignment should ideally be analyzed together rather than
independently.

3.4 Optical Properties

Optical calculations connect the electronic structure to photon absorption. The absorption edge is
influenced by the fundamental electronic gap and by allowed transition matrix elements. A material may
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have a nominally suitable gap but weak absorption for a particular polarization or photon-energy range.
Consequently, the full calculated spectrum provides more information than the band gap alone.

Defects and dopants can introduce sub-band-gap absorption. This can be advantageous when the goal is
to extend absorption toward visible wavelengths, but it can also indicate the presence of recombination
centers. The interpretation should therefore consider the simultaneous effects on carrier separation,
surface reaction kinetics and defect concentration.

For anisotropic crystals, the dielectric tensor can be direction dependent. This means that light polarized
parallel and perpendicular to a surface can experience different absorption and refractive responses.
Such anisotropy can be exploited in optical and photoelectrochemical devices.

3.5 Surface, Adsorption and Catalytic Properties

Energy conversion often occurs at surfaces rather than in the bulk. For this reason, surface termination,
vacancy concentration and local coordination are essential descriptors. DFT surface calculations can
identify low-energy facets and compare their adsorption properties. The most stable facet is not
necessarily the most catalytically active one; synthesis conditions can stabilize metastable surfaces, and
highly reactive surfaces may dominate chemical performance even when their surface energy is higher.

Catalytic mechanisms can be studied by calculating adsorption energies and, where necessary, transition
states. For example, hydrogen, oxygen, water, carbon dioxide and hydroxyl-containing intermediates
may interact differently with different oxide surfaces. The electronic structure of the active site
determines the strength of these interactions. An optimum catalyst therefore requires balanced
adsorption rather than simply the strongest possible binding.

3.6 lon Storage and Diffusion

Metal oxides can store ions through intercalation, conversion reactions, surface adsorption or
combinations of these mechanisms. DFT can compare possible ion sites and determine the energetics of
different charge states or compositions. For layered oxides, interlayer spacing can provide favorable
pathways, while vacancies can sometimes lower migration barriers.

The diffusion profile is particularly useful because it connects atomic structure to rate performance. A
large migration barrier indicates that an ion must overcome a substantial energetic obstacle. A smaller
barrier suggests easier movement, but it should not be interpreted as a guaranteed high-rate electrode
because experimental transport also depends on particle size, electrolyte accessibility, concentration
gradients, phase transitions and electronic conductivity.

3.7 Mechanical and Thermal Stability

An energy material must survive repeated operation. Elastic constants, stress-strain behavior, phonons
and finite-temperature molecular dynamics can collectively provide information about mechanical and
thermal stability. A material that is electronically attractive but mechanically fragile may fail under
repeated ion insertion or thermal cycling.
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For nanomaterials, interfaces can either improve or reduce mechanical stability. Strong bonding between
components may transfer stress effectively, while lattice mismatch may generate strain. DFT can
quantify interface binding energies and local structural distortions and can therefore guide the design of
stable composite electrodes and heterostructures.

3.8 Magnetic and Spin-Dependent Properties

Magnetic oxides offer additional functionality beyond conventional energy storage. The magnetic
ground state can influence electronic structure, defect formation and catalytic behavior. DFT
calculations can compare several spin arrangements and determine local moments. In systems
containing transition metals, a change in oxidation state during adsorption or ion insertion can also
modify magnetic moments.

Although magnetism is not a required descriptor for every energy application, including it can be
valuable when the oxide contains partially filled d orbitals or when multifunctional magnetic-
electrochemical systems are being considered.

4. Application-Oriented Interpretation
4.1 Batteries

For lithium-, sodium- and multivalent-ion batteries, the most important computational descriptors
include ion adsorption energy, theoretical capacity, voltage, diffusion barrier, electronic conductivity,
formation energy and structural change during ion insertion. These properties should be evaluated
together. High capacity is useful only when the host structure can reversibly accommodate the inserted
species and maintain acceptable Kinetics.

4.2 Supercapacitors

For supercapacitors, surface area, electronic conductivity, redox activity and ion accessibility are
critical. DFT can clarify the electronic states responsible for redox activity and the preferred adsorption
sites for electrolyte ions. Defects and heterostructures may increase the number of active sites, but their
stability must be verified.

4.3 Photocatalysis and Water Splitting

Photocatalytic water splitting requires appropriate band-edge positions, optical absorption and efficient
charge separation. DFT can calculate band structures, work functions, surface charge transfer and
adsorption of water or reaction intermediates. Heterostructures are particularly attractive because
interfacial charge redistribution may improve separation of electrons and holes.

4.4 Hydrogen Production and Electrocatalysis

For electrocatalytic hydrogen and oxygen reactions, adsorption free energies of relevant intermediates
are important descriptors. DFT can compare pristine and defect-engineered surfaces and identify the
local atomic environments responsible for favorable reaction steps. Oxygen vacancies and dopants may
tune the electronic structure and alter intermediate binding.
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4.5 CO: Conversion

CO: conversion requires activation of a stable molecule and stabilization of reaction intermediates.
Oxide surfaces containing defects or low-coordination metal centers may provide stronger interactions
with CO.. DFT can compare adsorption geometries, charge transfer, reaction energies and transition
states to determine plausible pathways.

4.6 Solar and Optoelectronic Devices

For solar and optoelectronic applications, band gap, optical absorption, dielectric response, work
function, carrier effective masses and interface band alignment are important. Metal oxides are also
widely used as transport layers because of their stability and tunable electronic properties. DFT-based
interface calculations can help select combinations that minimize unfavorable barriers to charge
extraction.

5. Effects of Doping, Oxygen Vacancies, Strain and Heterostructures

Property engineering is central to modern computational materials design. Substitutional doping can
tune carrier concentration and band edges. Oxygen vacancies can change oxidation states and create
localized electronic states. Strain can alter bond lengths and orbital overlap, shifting band energies and
adsorption strengths. Heterostructures can generate interfacial electric fields and new charge-transfer
pathways.

A scientifically strong study should calculate the energetic cost of introducing each modification rather
than assuming that a defect or dopant is favorable. It should also compare multiple concentrations where
practical. A single dopant configuration can be strongly dependent on the chosen supercell and may not
represent the behavior of a real material at finite concentration.

6. Graphical Interpretation Guide

The figures in this article are designed to show what the major DFT plots mean. Figure 1 demonstrates
the energy-minimization concept used during structural relaxation. Figure 3 shows how the band gap is
read from a band structure. Figure 4 demonstrates how total DOS and orbital-resolved PDOS can be
compared. Figure 5 illustrates the optical absorption response. Figure 6 represents charge transfer at an
interface. Figure 7 shows how an NEB energy profile is interpreted, while Figure 8 illustrates the type of
stress-strain curve used to discuss mechanical response. These are educational schematics and must not
be presented as numerical results for a real material.

For a thesis or research paper based on an actual calculation, each graph should contain the material
name, computational method, units, k-point path or relevant axis definition, and a caption explaining the
key result. The text should then state what the graph demonstrates rather than merely describing its
appearance. For example, a band-structure discussion should identify whether the gap is direct or
indirect, while a DOS discussion should identify which orbitals dominate near the band edges.
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7. Limitations and Scientific Considerations

DFT results are model-dependent. PBE can underestimate band gaps, while strongly correlated oxides
may require DFT+U or more advanced methods. Optical calculations may omit important excitonic and
many-body effects unless an appropriate treatment is used. Defect energies depend on chemical
potentials, charge states and finite-size corrections. Surface calculations depend on slab thickness,
termination and vacuum spacing. Diffusion barriers depend on the selected migration pathway and cell
size.

Another limitation is the difference between idealized theoretical structures and experimental samples.
Real nanomaterials contain disorder, impurities, grain boundaries, surface adsorbates and finite-
temperature effects. Therefore, DFT should be regarded as a mechanism-discovery and materials-
screening tool rather than a replacement for experiment. The strongest studies combine theoretical
predictions with structural, spectroscopic, optical and electrochemical measurements.

8. Conclusion

DFT provides a comprehensive route for investigating metal oxide nanomaterials at the atomic scale and
for connecting their microscopic structures with energy-related performance. A complete computational
study should extend beyond a single band-gap calculation and examine a coordinated set of properties:
optimized structure, lattice parameters, bond lengths and angles, formation energy, defect stability, band
structure, band gap, DOS, PDOS, chemical bonding, charge transfer, work function, optical absorption,
dielectric response, magnetic properties, mechanical behavior, phonon stability, surface energy,
adsorption, ion diffusion and catalytic reaction energetics.

These properties address different stages of energy-material performance. Structural and thermodynamic
descriptors establish stability; electronic and bonding analyses explain charge transport; optical
properties determine photon interaction; surface and adsorption calculations describe chemical activity;
diffusion barriers determine ion mobility; and mechanical and thermal calculations assess durability.
Defects, doping, strain and heterostructures provide additional degrees of freedom for tuning these
properties.

The most reliable computational design strategy is therefore multi-criteria screening. Instead of selecting
a material because it has one attractive number, researchers should identify candidates that
simultaneously satisfy stability, electronic, optical, ionic, mechanical and catalytic requirements for the
target application. Such an approach can reduce experimental trial-and-error and accelerate the
development of improved electrodes, photocatalysts, electrocatalysts and solar-energy materials. Future
progress will increasingly combine DFT with high-throughput computation, machine learning and
carefully controlled experiments to discover stable and efficient metal oxide nanomaterials.

9. Mathematical Equations and Worked DFT Calculations

A DFT-based research article becomes much stronger when the physical meaning of each calculated
property is supported by its governing equation. The following equations provide a compact
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mathematical framework for the structural, electronic, optical, surface, adsorption, diffusion, mechanical
and energy-storage properties discussed above. The numerical examples are worked illustrative
calculations intended to demonstrate the method; they are not claimed to be results for a particular oxide
unless an actual DFT dataset is supplied.

9.1 Kohn-Sham DFT Equation

The central Kohn-Sham equation is written as:
[-72/(2m) V2 + V_eff(r)] v_i(r) =¢_iy_i(r)

Here, % is the reduced Planck constant, m is the electron mass, y_i is a Kohn-Sham orbital, € i is its
eigenvalue, and V_eff is the effective potential containing the external, Hartree and exchange-
correlation contributions. The electron density is obtained from the occupied orbitals:

nr)=2 if iy i(r)P

where f_i is the occupation of state i. In practical solid-state calculations, these equations are solved self-
consistently until the electron density and total energy converge.

9.2 Total Energy and Geometry Optimization

The relaxed structure corresponds to a local minimum of the total energy with respect to atomic
coordinates. The force on atom | can be expressed as:

F I=—0E total/oR I

At convergence, the residual forces should be sufficiently small. As a simple numerical example, if the
energy changes from —125.438 eV to —125.441 eV during a final relaxation step, then:

AE = —125.441 — (~125.438) = —0.003 eV

The magnitude of the energy change is therefore 0.003 eV. If the selected convergence criterion is 0.005
eV, this energy change satisfies that particular criterion. Force convergence must still be checked
independently.

For a simple harmonic approximation around equilibrium, E(x)=Eo+k(x—x0)*/2. If k=10 eV A2 and the
displacement is 0.10 A, the energy penalty is AE=(10)(0.10)?/2=0.05 eV. This illustrates why geometry
optimization searches for the minimum-energy atomic arrangement.

9.3 Lattice Strain

The percentage strain can be calculated from the change in lattice parameter:
e =[(a—ao)/ao] x 100%

For example, if the original lattice parameter is a0=3.80 A and tensile strain changes it to a=3.88 A:
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e =[(3.88—3.80)/3.80] x 100 =2.105%

Thus, the applied tensile strain is approximately 2.11%. The resulting band gap, bond lengths and
adsorption energies can then be compared with the unstrained system.

9.4 Formation Energy

For a binary oxide M_xO _y, a simple formation-energy expression relative to elemental reference states
is:

E f=[EM _xO_y)—xEM) — (y/2)E(O2)])/(x+y)

As an illustrative example, suppose E(MO2)=—20.0 eV, E(M)=-8.0 eV and E(O2)=—6.0 eV. Then:
E £=[-20.0 — (=8.0) — (2/2)(—6.0)]/(1+2)

E f=[-20.0 +8.0 +6.0]/3=-6.0/3 =-2.0 ¢V per atom

The negative value indicates that the compound is energetically favorable relative to the chosen
reference states within this simplified model. In rigorous defect thermodynamics, chemical potentials
and charge corrections must also be included.

9.5 Defect Formation Energy

A general charged-defect formation energy can be represented by:
E f(D*q)=E D—-E bulk—X in ip i+q(E F+E VBM+AV)+E corr

For an illustrative neutral oxygen vacancy, assume the defective-cell energy is —99.0 eV, the pristine-
cell energy is —100.0 eV, and the oxygen chemical potential is —5.0 eV. Removing one oxygen gives
n_O=—1 under one common sign convention, so the expression reduces to:

E_f(V_0)=-99.0 — (~100.0) — (~1)(~5.0)= 1.0 — 5.0 = —4.0 eV

This example is intentionally simplified to show substitution into the equation. In a real study, the
oxygen chemical potential is constrained by the stability region of the oxide, and the sign convention for
n_i must be stated explicitly.

9.6 Band Gap Calculation

The fundamental band gap is the energy difference between the conduction-band minimum (CBM) and
valence-band maximum (VBM):

E ¢g=E CBM—-E VBM
If the VBM is at —0.20 eV relative to the selected zero and the CBM is at 1.80 eV, then:

E g=1.80 - (—0.20) = 2.00 eV
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The material therefore has an illustrative 2.00 eV band gap. If VBM and CBM occur at different k-
points, the gap is indirect; if they occur at the same k-point, it is direct.

9.7 Photon Wavelength Corresponding to the Band Gap

A useful conversion between photon energy and wavelength is:
AMnm) = 1240/E(eV)

For E_g=2.00 eV:

A= 1240/2.00 = 620 nm

Thus, a 2.00 eV optical transition corresponds to approximately 620 nm. This is only a simple energetic
estimate; the actual absorption edge also depends on transition probabilities, excitonic effects and the
electronic-structure method.

9.8 Adsorption Energy
Adsorption energy is commonly calculated using:
E ads = E surfacetadsorbate — E_surface — E_adsorbate

Suppose the combined surface-plus-ion energy is —152.0 eV, the clean surface is —145.0 eV and the
isolated ion reference is —6.0 eV. Then:

E ads=-152.0 — (~145.0) — (~6.0) = —152.0 + 145.0 + 6.0 =—1.0 eV

The illustrative adsorption energy is —1.0 eV, indicating favorable binding under this chosen reference
convention. Different reference states can change the numerical interpretation, so the reference must
always be reported.

9.9 Charge Transfer

A simple charge-transfer estimate is:

Aq = q_before — q_after

If an adsorbed atom has 5.0 electrons in its isolated reference and 5.7 electrons after adsorption, then:
AQ=5.0-57=-0.7¢

The negative sign in this convention indicates that the atom gained approximately 0.7 electrons. Bader
or other charge-partitioning methods should be used for actual DFT analysis, and the sign convention
must be stated clearly.

9.10 Work Function

The work function is defined as:
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®=E vacuum—E F

If the vacuum electrostatic potential is 6.2 eV and the Fermi level is 1.7 eV on the same energy
reference, then:

D=62-17=45¢eV

A lower or higher work function can affect interfacial electron transfer when the oxide is combined with
another material.

9.11 lon-Diffusion Barrier

The migration barrier can be estimated from the maximum energy along a minimum-energy pathway:
E m=E TS —E initial

If the initial state has energy —200.0 eV and the transition state has energy —199.2 eV:

E m=-199.2 — (—200.0) = 0.8 ¢V

The illustrative migration barrier is therefore 0.8 eV. A comparison of candidate structures is meaningful
when the same computational method and reference procedure are used.

For a simple Arrhenius picture, the diffusion-related rate scales approximately as k « exp(—E_m/k_BT).
At T=300 K, k BT=0.02585 eV. For E m=0.50 eV, the exponential factor is
exp(—0.50/0.02585)=4.0x107°. For E m=0.80 eV, it is exp(—0.80/0.02585)~3.7x107'*. This demonstrates
mathematically why even moderate changes in a migration barrier can strongly influence thermally
activated transport. The prefactor and full diffusion mechanism must also be considered in real systems.

9.12 Elastic Modulus from Stress-Strain Data

In the linear elastic region, Young's modulus can be approximated by:
Y =o/e

If a calculated stress is 3.0 GPa at a strain of 0.04, then:

Y =3.0/0.04 = 75 GPa

The illustrative Young's modulus is therefore 75 GPa. For a rigorous DFT calculation, several small
positive and negative strains should be used and the slope should be obtained from a fitted stress-strain
relation or from the elastic tensor.

9.13 Optical Absorption and Dielectric Function
The complex dielectric function is:

e(w)=e1(w)+iez(w)
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The absorption coefficient can be obtained from the complex refractive index. If n and k are the real and
imaginary parts of the refractive index, then:

a(w)=2wk/c
For example, if ©=3.0x10" s7!, k=0.20 and ¢=3.0x10% m s, then:
a=[2(3.0x10'%)(0.20)]/(3.0x10%) = 4.0x10°* m™*

This corresponds to 4.0x10* cm™ because 1 m™ = 0.01 cm™. The example demonstrates the unit
conversion used when reporting absorption coefficients.

9.14 Theoretical Battery Capacity
A simplified theoretical specific-capacity expression is:
C_theoretical = nF/(3.6M)

where n is the number of electrons transferred per formula unit, F is Faraday's constant (96485 C mol™),
and M is molar mass in g mol. For an illustrative oxide with M=100 g mol™ and n=2:

C = (2x96485)/(3.6x100) = 536.0 mAh g

This is a theoretical upper-limit-style calculation based on the assumed reaction. Real reversible capacity
can be substantially lower because of incomplete utilization, structural changes, kinetics and side
reactions.

9.15 Average Battery Voltage

A simplified thermodynamic relationship between reaction free energy and average voltage is:
V =-AG/(nF)

If AG=—-193 kJ mol™! for a two-electron reaction, then:

V =—(—193000)/(2x96485) ~ 1.00 V

The average voltage is therefore approximately 1.00 V for this illustrative reaction. In DFT studies,
total-energy differences are often used as an approximation to reaction free energies, with appropriate
assumptions clearly stated.

9.16 Elastic Energy and Strain

For small uniaxial strain, the elastic energy density can be approximated by:
U=12Y¢

Using Y=75 GPa and £=0.04:

U =0.5%75%(0.04)%2 = 0.06 GPa
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Since 1 GPa=10° J m3, this corresponds to 6.0x107 J] m=3. This approximation is valid only within the
elastic regime.

10. How to Present the Mathematical Results in a Research Paper

For each DFT property, the recommended presentation is: (1) give the governing equation, (2) define
every symbol, (3) state the computational method and convergence settings, (4) present the graph or
table, (5) give the calculated value, and (6) explain its physical meaning and relevance to the target
energy application. This structure prevents the results section from becoming a collection of unexplained
graphs.

For example, a band-gap subsection should show the band structure, identify VBM and CBM, calculate
E g=E CBM-E VBM, state whether the gap is direct or indirect, discuss orbital contributions using
PDOS, and finally connect the result to optical absorption or charge transport. Likewise, an ion-
diffusion subsection should show the NEB pathway, identify the transition-state energy, calculate E_m,
compare it with other structures, and explain the expected consequence for ion kinetics.

The numerical examples in this section are educational. They should be replaced by values extracted
from the actual OUTCAR, vasprun.xml, QE output, or other validated DFT results before submission as
a research paper. Graphs should likewise be generated from the actual calculated data rather than
treating the illustrative figures in this document as experimental or first-principles measurements.
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